We prove global wellposedness of the Klein-Gordon equation with power non-
Introduction and Main Results
We are interested in the following Cauchy problem
with initial data in modulation spaces M s p,q (R d ) × M s−1 p,q (R d ) (see Definition 3). Before we state our main results let us mention that equation (1) plays a fundamental role in the study of the kinematics of relativistic particles (see [18] ) and has been studied extensively, see e.g. [3] , [10] , [11] , [12] , [13] , [14] , [19] , [20] , [17] and [24] . This selection is far from exhaustive and we refer the interested reader to the references cited in the previously mentioned papers. The Cauchy problem (1) is globally wellposed in H 1 (R d ) × L 2 (R d ) for energy subcritical nonlinearities, i.e.
(2) 1 ≤ α < 1 + 4 d − 2 , and we have the following theorem from [9, Proposition 3.2] Theorem 1. Let t 0 ∈ R and (φ, ψ) ∈ H 1 (R d ) × L 2 (R d ). Then, equation (1) has a unique global solution u in L ∞ loc (R, H 1 (R d )) with u(t 0 ) = φ, ∂ t u(t 0 ) = ψ. In addition, u ∈ C(R, H 1 (R d )) ∩ C 1 (R, L 2 (R d )) and satisfies the energy conservation where the energy is defined as
. Let us mention that the solution to the linear Klein-Gordon equation
, is formally given by the formula
Notice that the (semi-)group given by
Next, we need the following definition of admissible pairs for the Klein-Gordon equation from [16, Definition 6.3.1]:
We will denote by q a (r) = q the unique solution of the gap condition
Our goal is to study (1) for initial data in modulation spaces, whose definition is given below.
where k = (1 + |k| 2 ) 1 2 is the Japanese bracket and the operators k are the isometric decomposition operators given by
and {σ k (·) = σ 0 (· − k)} k∈Z d is a smooth partition of unity with σ 0 supported in the ball B(0, √ d) and equal to 1 in the unit cube Q = [− 1 2 , 1 2 ) d . These spaces first appeared in [7] and since then they have become canonical for both time-frequency and phase-space analysis. It can be proved that different choices of the function σ 0 lead to equivalent norms in M s p,q (R d ) (see e.g. [4, Proposition 2.9] and [23, Proposition 3.4]). When s = 0 we denote the space M 0 p,q (R d ) by M p,q (R d ). In the special case where p = q = 2 we have M s
Every time we write f p or f L p we mean the usual p-norms in the Lebesgue spaces L p (R d ). In addition, for a given interval I ⊂ R we use the notation f L p I for the L p norm of f over I. Finally, for p ∈ [1, ∞] we denote by p ′ the conjugate exponent of p that is the number that satisfies 1 p + 1 p ′ = 1. Our main results are the following theorems.
Theorem 4. Assume that the dimension d ≥ 3 and the power nonlinearity in (1) satis-
is locally wellposed and the solution u lies in
Moreover, if T * is the maximal time of existence then the blowup alternative holds, i.e.
Remark 5. The restrictions on α appear because of Strichartz estimates. For more details, see Remark 11 after the proof of Theorem 4.
the local solution u of (1) constructed in Theorem 4 extends globally and lies in
Remark 7. To the best of the authors' knowledge Theorem 6 is the first global wellposedness result for the Klein-Gordon equation on modulation spaces (which do not coincide with Sobolev spaces).
Remark 8. The restriction α ∈ 1, d d−2 appears because in the proof of Theorem 6 we estimate an L 2α (R d ) norm of a function by its
by the assumptions of the Sobolev embedding (20) .
The restrictions on p arise from (51) where we make use of the identitiesα = θ θ−1 and 1 p = 1−θ 2 + θ 2α in order to obtain the upper bound for p in terms of the nonlinearity α. Remark 9. In dimensions d ∈ {1, 2} Theorem 6 holds with no restrictions on α and the restriction p ∈ (2, p max ) with p max given by (16) remains. This is due to the fact that one has enough control from the Sobolev embeddings and does not require Strichartz estimates for the local wellposedness argument. The proof of the global existence remains the same and is presented in the next section.
Remark 10. The method used to prove Theorem 6, i.e. the high-low method, was used in [4] and [5] to study the NLS equation
with initial data in modulation spaces M p,p ′ (R d ) with p close to 2. Global existence was obtained for the cubic nonlinearity α = 3 and d = 1 in [5] and then this result was generalised for all α ∈ (1, 1 + 4 d ) and d ≥ 1 in [4] . At the heart of the high low method is the following idea. The initial datum and the solution are split into two parts, namely the good part (low frequencies) and the bad part (high frequencies), such that the linear propagation of the bad part shall not pose a problem, whereas the nonlinear interaction of the high and low frequencies can be controlled by the nonlinear smoothing effect inherent to the PDE.
Before we proceed to the proofs of Theorems 4 and 6 let us state some known facts which are going to be used in the proofs of the main theorems in the next and last section.
By [22, Proposition 2.7] it is known that for any 1 < p ≤ ∞ we have the embedding
interpolation, imply that for any p ∈ [2, ∞] we have the embedding
In [7, Theorem 6.6] (see also [22, Proposition 2.4] ) it is proved that for all σ, s ∈ R and
We will use this fact in Section 2 for σ = 1.
For d ≥ 3 by the Sobolev embedding theorem in [2, Theorem 9.9] we have that 
for every admissible pair (q, r) that satisfies the gap condition described in Definition 2, i.e.
The operators K(t) and K ′ (t) defined in (7) are bounded on modulation spaces (see [6, Corollary 3.2] ) . More precisely, for s ∈ R, p, q ∈ [1, ∞] and every T > 0 there is a positive constant C T = C T (p, q, s) such that
for all f ∈ M s p,q (R d ) and all |t| ≤ T .
Proofs of the Main Theorems
Proof of Theorem 4. Since our initial data (φ, ψ) lies in the space
In the following we present the Banach contraction argument for the first coordinate of the solution (u, ∂ t u), i.e. for u only, since by (21) the argument for ∂ t u is similar. In addition, we only treat the case where α ∈ d d−2 , d d−3 , since in the remaining interval 1, d d−2 Strichartz estimates are not required to finish the argument.
We are going to work in the Banach space X(T ) = X 1 (T ) + X 2 (T ) with
and
The norm in X(T ) is given by
and the operator we are interested in is (24) T
The claim is that for some positive numbers R and T the operator T is a contraction in M (R, T ). We start with the self-mapping property of T . Let us fix u ∈ M (R, T ) and consider a splitting u = v + w with v ∈ X 1 (T ) and w ∈ X 2 (T ).
For the linear evolution part of T we have that the norm
is controlled by
.
For the first term we use the Strichartz estimate stated in (21) which implies
and for the second term the boundedness of K(t) and K ′ (t) stated in (22) implies
where, without loss of generality, we assumed for the time of existence T ≤ 1. As the splitting of the initial data (φ, ψ) was arbitrary we have that
This suggests the choice
Before we deal with the integral part of the operator T let us observe that since the modulation space M 2α,(2α) ′ (R d ) ֒→ L 2α (R d ) (see (19) ) and L ∞ [0,T ] ֒→ L qa(2α)
[0,T ] , we trivially obtain
The integral part in (24) is estimated in the X 1 (T ) norm using (21) by
where at the third step we used Hölder's inequality and at the forth step (27). Thus, the operator T is a self-mapping of
For the contraction property of T we have by using the same considerations as above for u 1 , u 2 ∈ X(T ) and the size estimate
that the following holds
Hence, by choosing a possibly smaller implicit constant we have that T is a contraction on M (R, T ) and the proof is complete.
Remark 11. The restrictions on α stated in Theorem 4 appear because of the number q = q a (2α) which is defined by the gap condition (10) and it is equal to
Since we must have q ≥ 2 we obtain the restriction α ≤ d d−3 .
Proof of Theorem 6. Consider functions (φ, ψ)
Using complex interpolation (see [7, Theorem 6.1 D]) we write
where 2 < p < r = 2α < ∞,θ ∈ (0, 1) and 1 p = 1−θ 2 +θ r . Then, for (φ, ψ) ∈ M 1 p,p ′ (R d ) × M p,p ′ (R d ) and any large enough N > 0 (to be found later) we decompose
whereα =θ 1−θ . This is possible since the complex interpolation spaces mentioned above embed in the real interpolation spaces (see [21, Theorem 1.10 
(similarly for the pair L 2 and M r,r ′ ). Then for any given N ∈ R + setting t = Nα +1 and θ =α α+1 shows (33).
By Theorem 4 for real initial data (φ, ψ) we know that there is a real-valued local solution u to (1) . From the blowup alternative we know that if the norm
does not blow up in finite time then the solution u exists globally. Therefore, our goal is to show that we can control the quantity (34) on bounded time intervals.
To simplify the notation we make the change of variables (as in [1, Equation IV.2.4])
where B 2 = Id − ∆ and we rewrite (1) in the form
. From (33) we have the norm estimates
and more generally, (22) where we have used the Sobolev embedding (20) for the second summand. Our goal is to estimate the time T (as a function of N ) that preserves (42), i.e. T such that for all 0 ≤ t ≤ T we have (43) I(t) =ˆR The first factor is estimated by I(t), namely (46) Bṽ 2 I(t) 1 2 Nα (α+1) 2
For the second factor we have the pointwise size estimate (see (29))
Therefore, by Hölder's inequality for the first summand and with the use of the embedding of modulation spaces into Lebesgue spaces (19) and the Sobolev embedding (20) we obtain
